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ABSTRACT. We construct branched double coverings by certain products of manifolds for con- 
nected sums of copies of sphere bundles over the 2-sphere. We deduce that every simply connected, 
closed four-manifold admits a branched double covering by a product of the circle with a connected 
sum of copies of S 2 x S 1 , followed by a collapsing map. Furthermore, every simply connected, 
closed five-manifold admits a branched double covering by a product of the circle with a connected 
sum of copies of S 3 x S 1 , followed by a map whose degree is determined by the torsion of the 
second integral homology group of the target. 
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1. Introduction 



9: 

The realization of manifolds as branched coverings is a classical long-standing problem in 
topology. A well-known theorem of Alexander [Q]| states that every oriented, closed, smooth 
n-dimensional manifold is a branched covering of S n . Strong restrictions for the existence of 
branched coverings were found by Berstein and Edmonds fl3j . 

Recall that a branched d-fold covering is a smooth proper map / : X — > Y with a codimension 
two subcomplex Bf C Y, called the branch locus of /, such that f\x\f- l (B f ) : X \ f l {^f) — ^ 
Y \ Bf is a ci-fold covering in the usual sense and for each x G f~ l (Bf) the map / is given by 
(z, v) i — ^ (z m , v), for some charts of x and f(x) and some positive integer m. The point x is called 
singular and its image f(x) is called a branch point. 

In dimensions two and three, Edmonds showed that only a few dominant maps are not homo- 
topic to a branched covering (HIED. More precisely, Edmonds proved that every non-zero degree 
map between two closed surfaces is homotopic to the composition of a pinch map followed by a 
branched covering (S). A pinch map in dimension two is a map which collapses 2-handles, i.e. is 
a quotient map it : £ — > S/E', where a submanifold £' C S, with circle boundary in the interior 
of E, is identified to a point. In dimension three, Edmonds result is that every 7ri-surjective map of 
degree at least three is homotopic to a branched covering J9J. 

Our aim in this paper is to show that every simply connected, closed four-manifold, resp. five- 
manifold, admits a branched double covering by a product S 1 x N, composed with a certain pinch 
map, resp. a map whose degree depends on the torsion of the integral homology of the target. 
The main result is the following general statement: 

Theorem 1. For n > 4 and every k there is a branched double covering 

S 1 x (# k S n - 2 x S 1 ) — ► # k (S n - 2 *S 2 ), 

where S n ~~ 2 xS 2 denotes the total space of the non-trivial S n ~ 2 -bundle over S 2 with structure 
group SO(n — 1). 
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FIGURE 1. The 2-torus is a branched double covering of the 2-sphere, P : T 2 — > S 2 , 
branched along four points P(xi) = yi,i G {1, 2, 3, 4}, and so that P(A) = D 2 , where A 
is an annulus in T 2 containing two singular points. 

We note that the statement of TheoremCQdoes not contain any reference on orientations, because 
the targets are simply connected and therefore always orientable. 

The existence of dominant maps, not necessarily branched coverings, where the domain is a 
non-trivial product has an independent interest and its study is partially motivated by Gromov's 
work on functorial semi-norms on homology [12J. Kotschick and Loh |[i"4ll investigated such maps 
and showed that many targets with large fundamental group are not dominated by products. On 
the other hand, fundamental group conditions are not always sufficient to deduce domination by 
products, cf. Ifl~5l . 

It is, however, natural to ask whether every connected, oriented, closed manifold with finite 
fundamental group is dominated by a non-trivial product; see also lfi~4ll . In order to study this 
question, it obviously suffices to obtain an answer for simply connected targets. In dimensions two 
and three, the answer is easy and affirmative, because S 2 and S 3 respectively represent the only 
simply connected manifolds in those dimensions. 

In this paper, we combine our constructions on branched coverings, with some classification 
results in dimensions four and five (cf. fl25l |T0]| and (2HI21I respectively), to obtain the following: 

Theorem 2. Every simply connected, closed manifold in dimensions four and five is dominated by 
a non-trivial product. 

In dimension four, the above statement has been previously proved by Kotschick and Loh lfi"4l 
using a result of Duan and Wang 0. Our proof here is independent of those earlier works and 
gives an explicit construction of a branched double covering followed by a certain degree one map. 

In Section [2l we first prove Theorem Q] and then we discuss briefly the existence of branched 
double coverings for connected sums of products M x S 2 , where M is an arbitrary oriented, 
closed manifold. In Sections [3] and [4] we apply the constructions of Section[2]on simply connected 
four- and five-manifolds respectively to prove Theorem [21 In the final Section [51 we give another 
application in higher dimensions and we make further remarks on our results. 

2. Construction of branched double coverings 

In this section, we first prove Theorem [Hand then we obtain a branched double covering for ev- 
ery connected sum of copies of M x S 2 , where M is any oriented, closed n-dimensional manifold. 

Proof of Theorem\l} By assumption, we consider oriented ,S n ~ 2 -bundles over S 2 with structure 
group SO(n — 1), where n > 4. These bundles are classified by 7Ti(SO(ra — 1)) = Z 2 (cf. 
Steenrod Il23l0 . therefore there exist only two; the product S n ~ 2 x S 2 and the twisted bundle 
S n ~ 2 xS 2 . Let 7r: S n ~ 2 xS 2 — > S 2 denote the twisted bundle. There is a branched double 
covering with four branch points, P : T 2 — V S 2 , given by the quotient for an involution on T 2 ; 
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see Figured] We pull back ir by P to obtain a branched double covering P* : P*(S n ~ 2 xS 2 ) — > 
S n ~ 2 x S 2 . Now P*(S n ~ 2 x S* 2 ) is the total space of an oriented 5' n_2 -bundle over T 2 with structure 
group SO(n — 1). Again, there exist only two such bundles and since P has even degree we 
deduce that P*(S n ' 2 xS 2 ) is the trivial bundle, i.e. the product T 2 x S n ' 2 . Therefore, T 2 x S n ~ 2 
is a branched double covering of S 2 xS n ~ 2 , with branch locus four copies of the S ,n_2 -fiber of 
S* 2 x S n ~ 2 , given by the preimages under n of the four branch points of P. This proves the statement 
of Theorem \T\ for k = 1. 

Next, we prove the claim for k > 2. Let the branched covering P* : T 2 x S n ~ 2 — > S 2 xS n ~ 2 
constructed above. We can think of T 2 x S n ~ 2 as a trivial ^-bundle over S 1 x S n ~ 2 . We thicken 
an S' 1 -fiber of this bundle to an annulus A in T 2 so that P(A) = D 2 , as in Figure Q] A fibered 
neighborhood ofthis ^-fiber is a product S 1 x D n ~ l in T 2 x S n - 2 and P*(S l x D n ~ l ) is an 
n-disk D n in S 2 xS n ~ 2 . We now remove the fibered neighborhood S 1 x D n ~ l from two copies 
of T 2 x S n ~ 2 and perform a fiber sum by gluing the S 1 x S' n_2 -boundaries. Since T 2 x S n ~ 2 is 
a trivial S^-bundle this fiber sum will produce another trivial 5 1 -bundle, namely a product S 1 x 
((S 1 x 5' n ~ 2 )#(S' 1 x S n ~ 2 )). At the same time we connected sum two copies of S 2 xS n ~ 2 along 
D n , so that the branch loci fit together. We have now obtained a branched double covering 

S 1 x ((S 1 x 5 n - 2 )#(5 1 x S n - 2 )) — > (S 2 xS n - 2 )#(S 2 xS n - 2 ) } 

proving the claim for k = 2. For k > 2 we iterate the above construction. □ 

The statement of Theorem[T]is the most general possible concerning oriented S' n_2 -bundles over 
S" 2 , but it moreover presupposes the structure group of these bundles to be linear. This assumption 
is not necessary in dimensions four and five (cf. [20] and [ 13] respectively) and so we will be able 
to construct many branched coverings in those dimensions; cf. Sections |3] and 0] 

The inspiration for the construction of the branched covering of Theorem \T\ stems from a previ- 
ous joint work with Kotschick on domination for three-manifolds by circle bundles lfl"5l . More 
precisely, we proved there that for every k there is a 7ri-surjective branched double covering 
S 1 x (ftkS 1 x S 1 ) — > #fc(S' 1 x S 2 ). A direct generalization of that construction is achieved 
by replacing S 1 in x S* 2 ) with any oriented, closed n-dimensional manifold M: 

Theorem 3. Let M be a connected, oriented, closed n- dimensional manifold. For every k there is 
a -Ki-surjective branched double covering S 1 x (#fcM x S 1 ) — > #k(M x S 2 ). 

The steps for the proof of the above statement follow those of Theorem \T\ however, they are 
more simple, because the summands of the target are not twisted products. The details are left to 
the reader; see also [fi5l . 

3. Simply connected four-manifolds 

We now apply Theorem \T\ on simply connected four-manifolds. First, we show that every four- 
manifold diffeomorphic to a connected sum #feCP 2 #fcCP 2 admits a branched double covering by 
a product S 1 x (JfkS 1 x S 2 ). We then deduce by the classification results of Wall ll25l and Freed- 
man [10], that every simply connected, closed four-manifold admits a branched double covering 
by a product of the circle with a connected sum of copies of S 2 x S 1 , followed by a collapsing 
map. 

By a result of Smale [20], the inclusion SO(3) Diff + (S' 2 ) is a homotopy equivalence and 
so there exist only two oriented S^-bundles over S 2 . Moreover, CP 2 #CP 2 is diffeomorphic to 
S 2 xS 2 (cf. Wall [[241). therefore Theorem [I] implies the following for n = 4: 
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Corollary 1. For every k there is a branched double covering S 1 x (t^S 1 x S 2 ) — > # k CF 2 # k CF 2 . 

Given a connected sum P#Q, we define a pinch map P#Q — > P, by collapsing the gluing 
sphere and then mapping Q to a point. This degree one map is called collapsing map. For a 
connected sum P#CP 2 , instead of the whole summand CP 2 , we may collapse the exceptional 
embedded sphere CP 1 C CP 2 to obtain again a degree one map P#CP 2 — > P. The collapsed 
CP 1 has self-intersection number —1 and it is called — 1-sphere. If P is smooth, then this is the 
usual blow-down operation. Similarly, for a connected sum P#CP 2 we obtain a degree one map 
P#CP 2 — > P by collapsing the embedded +l-sphere CP 1 C CP 2 . In the smooth category, this 
operation is known as the antiblow-down of P. 

In the light of Corollary Q3 we now rely on results of Wall E51 and Freedman ifTOl on the 
classification of simply connected, closed four-manifolds to obtain the following statement which 
moreover proves Theorem [2] in dimension four: 

Theorem 4. Every simply connected, closed four-manifold M admits a degree two map by a 
product S 1 x (#kS 2 x S 1 ), which is given by the composition of a branched double covering 

5 1 x (# fc S 2 x S 1 ) — > # fc CP 2 # fc CP 2 with a collapsing map # fe CP 2 # fe CP 2 — -+ M. 

Proof. By Corollary \T\ it suffices to show that for every simply connected, closed four-manifold 

M there exists a k and a collapsing map # fc CP 2 # fc CP 2 — ► M. 

First, if necessary, we perform connected sums of M with copies of CP 2 or CP 2 (or both) to 
obtain a manifold M# p CP 2 # g CP 2 , whose intersection form is odd and indefinite (and therefore 
diagonal; cf. lfT6lO . 

If M is smooth, then Wall's stable diffeomorphism classification in dimension four ll25l implies 

that M# P CP 2 # 9 CP 2 is stably diffeomorphic to a connected sum # ; CP 2 # m CP 2 . The connected 

summing with CP 2 , resp. CP 2 , is the blow-up, resp. antiblow-up, operation. 

For M non-smooth, we may first assume that M has trivial Kirby-Siebenmann invariant (or 
replace M by a homotopy equivalent manifold with zero Kirby-Siebenmann invariant), and then 

deduce that M # P CP 2 # 9 CP 2 is homeomorphic to a connected sum # z CP 2 # m CP 2 , by Freedman's 

topological classification of simply connected four-manifolds ifTOll . Moreover, M# P CP 2 # 9 CP 2 

has a smooth structure. 

We can now assume that in both cases M# p CP 2 # g CP 2 is (stably) diffeomorphic to a connected 

sum #fcCP 2 #fcCP 2 , after connected summing with more copies of CP 2 or CP 2 , if necessary. 
Finally, a degree one collapsing map 

# fe CP 2 # fe CP 2 = M# p CP 2 #gCP 2 — ► M 

is obtained by collapsing the q embedded exceptional spheres CP 1 C CP 2 and the p embedded 
spheres CP 1 C CP 2 . If M is smooth, then the collapsing map is also smooth. 

We have now completed the proof of Theorem Q] and therefore of Theorem |2] in dimension 
four. □ 

Remark 1. Wall's stable diffeomorphism classification G51 is obtained after adding summands 

5 2 x S 2 . However, for simply connected, closed, smooth four-manifolds with odd intersection 
form (as in the proof of Theorem|4]), this is equivalent to adding summands CP 2 #CP 2 , again by a 
result of Wall [Ell; see also Remark[2l 
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In dimension two, Edmonds [8] proved that every non-zero degree map between two closed 
surfaces is homotopic to the composition of a pinch map followed by a branched covering. We 
observe that the maps constructed in Theorem |4] for every simply connected, closed four-manifold 
have an analogy to Edmonds result, where however the order between the pinch map and the 
branched covering is reversed. 

Moreover, Edmonds (H showed that a non-zero degree map between two closed surfaces, 
/: £ — > F, is homotopic to a branched covering if and only if either / is 7T!-injective or 
I deg(/)| > [vri(F) : 7Ti(/)(7Ti (£))]. This implies that every non-zero degree map between two 
closed surfaces can be lifted to a (vrx-surjective) map which is homotopic either to a pinch map 
(absolute degree one) or to a branched covering. 

In dimension three, every 7ri-surjective map of degree greater than two between two closed 
three-manifolds is homotopic to a branched covering, again by a result of Edmonds ||9). This result 
fails in dimension four, by a recent work of Pankka and Souto [fTTl . where it is shown that T 4 is 
not a branched covering of #3(5' 2 x S 2 ), while every integer can be realized as a degree for a map 
from T 4 to ^(S* 2 x S 2 ) (the latter is a consequence of a result of Duan and Wang 0; see Section 
|5.2| for the precise statement of that result). 

However, according to Theorem |H it is natural to ask whether every non-zero degree map to a 
simply connected, closed four-manifold is homotopic to the composition of a branched covering 
with a pinch map. 

4. Simply connected five-manifolds 

In this section we show that every closed five-manifold with finite fundamental group is dom- 
inated by products. We first recall the classification of simply connected, closed five-manifolds 
by Smale ||2TI and Barden [|2l and show that every five-manifold diffeomorphic to a connected 
sum of copies of the two S^-bundles over S 2 admits a branched double covering by a product 
•S* 1 x (i^kS 1 x S 3 ). We then give some existence results of dominant maps between simply con- 
nected five-manifolds and using these results we prove Theorem |2]for five-manifolds. 

Given two n-dimensional manifolds M and N with boundaries dM and dN respectively, we 
form a new manifold M Uf N, where / is an orientation reversing diffeomorphism of any (n — 1)- 
dimensional submanifold of dN with one of dM. 

Smale ll2TI classified simply connected, spin five-manifolds and a few years later Barden B2l 
completed that classification by including non-spin manifolds as well. The following constructions 
are given in 0: LetS 3 xS 2 , S 3 x S 2 be the two S^-bundles over S 2 and A = S 2 xD 3 ,B = S 2 xD 3 

be the two £> 3 -bundles over S 2 with boundaries dA = S 2 x S 2 and dB = S 2 xS 2 ^ CP 2 #CP 2 
respectively. As in dimension four, we don't need to assume that the structure group of oriented S 3 - 
bundles over S 2 is linear, because the inclusion SO(4) e — >■ Diff + (S' 3 ) is a homotopy equivalence, 
by the proof of the Smale conjecture (cf. Hatcher lfi~3l ). 

A prime, simply connected, closed, spin five-manifold is either Mi := S* 5 or M m := S 2 x S 3 , 
if its integral homology groups have no torsion. If its second homology group is torsion, then is 

M k := {A# d A) VJ Tk (A# d A), 1< k < oo, 

where A#qA denotes the boundary connected sum of two copies of A and f k is an orientation 
preserving diffeomorphism on d(A#gA) = (S 2 x S 2 )#(S 2 x S 2 ), realizing a certain isomorphism 

H 2 (f k ; Z) : H 2 (d(A# 9 A); Z) ^ H 2 (d(A# 9 A); Z). 
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The second integral homology of M k is given by H 2 (M k ; Z) = Z & © Z & , 1 < k < oo; cf. 10. For 
details on the / fe 's construction see ll24l . 

A prime, simply connected, closed, non-spin five-manifold with torsion-free integral homology 
is the non-trivial S^-bundle over S 2 , denoted by Xoo. A simply connected, closed, non-spin five- 
manifold with torsion second integral homology is either 

• X-x := B Uj—^B, where g_x is an orientation preserving diffeomorphism on dB, realizing 
a certain isomorphism 

H 2 (g-i; Z) : H 2 (dB; Z) A H 2 (dB; Z), 

or 

• X m := (B#gB) \Jg^ (B#qB), 1 < m < oo, where B#qB denotes the boundary con- 
nected sum of two copies of B and g m is an orientation preserving diffeomorphism on 
d(B#gB) = (S 2 xS 2 )#(S 2 xS 2 ), realizing a certain isomorphism 

H 2 (g m , Z) : H 2 (d(B# d B); Z) A H 2 (d(B# d B); Z). 

Except X\ = X-i#X-i, each X m is prime. Their second integral homology group is given by 
H 2 (X m ] Z) = Z 2m © Z 2m , < m < oo and H 2 (X^i, Z) = Z 2 ; cf. 0. Also, X- X is the Wu 
manifold SU(3)/ SO(3); cf. |El|27l. Finally, we set X := S 5 which is spin and has torsion-free 
homology. 

According to the above data, we have the following classification theorem for simply connected 
five-manifolds. 

Theorem 5 (Barden [2J). Every simply connected, closed five-manifold M is diffeomorphic to a 
connected sum M k ^...j^M kl j^X m , where — 1 < m < oo, I > 0, k\ > 1 and hi divides k i+ \ or 
k i+ i = oo. 

Since every summand, except X% = X-i#X-i, is prime, we may refer to the above decompo- 
sition of M as prime decomposition. Moreover, a summand X m ^ exists if and only if M is not 
spin. 

For a simply connected, closed five-manifold with torsion-free homology the following particu- 
lar classification result holds: 

Theorem 6 (Smale [|2Ti . Barden [|2l). Every simply connected, closed five-manifold M with torsion- 
free second homology group H 2 (M, Z) = Z fc is (up to diffeomorphism) 

(1) either a connected sum #fc(5' 3 x S 2 ),for M spin, or 

(2) a connected sum # k _i(S 3 x S 2 )#(S 3 xS 2 ), for M non-spin. 

Remark 2. By a theorem of Wall [24J, a connected sum (S* 3 x S 2 )#(S 3 x 5" 2 ) is diffeomorphic 
to #k(S 3 xS 2 ). In Remark [H we refer to the corresponding statement in dimension four. This is 
also true for all oriented S' n ~ 2 -bundles over S 2 , n > 6, if we assume that the structure group of 
those bundles is SO(n — 1). 

The above classification results will be our guide to prove Theorem[2]for five-manifolds. First, 
we can prove this theorem for every simply connected five-manifold with torsion-free second ho- 
mology group: 

Proposition 1. Let M be a simply connected, closed five-manifold with torsion-free second ho- 
mology group H 2 (M,Z) = Z fc . Then M admits a branched double covering by the product 

^xfl^xS 3 ). 



BRANCHED COVERINGS OF SIMPLY CONNECTED MANIFOLDS 



7 



Proof. We know by Theorem [6] and by Remark [2] that such M is diffeomorphic to a connected 
sum of copies of the twisted product S 2 x S 3 or of the trivial bundle S 3 x S 2 . Now Theorem [Hand 
Theorem [3] imply the proof, for # k (S 2 xS 3 ) and #k(S 3 x S 2 ) respectively. □ 

In the remainder of this section we complete the proof of Theorem [2] for five-manifolds. We 
observe that S 2 x S 3 is a branched double covering of the other two prime, simply connected, 
closed five-manifolds with torsion-free homology, namely of S 2 xS 3 and S 5 . Indeed, a branched 
double covering S 2 x S 3 — > S 2 x S 3 is obtained by pulling back the S^-bundle map S 2 x S 3 — > 
S 2 by a branched double covering S 2 — > S 2 (recall that S^-bundles over S 2 are classified by 
7Ti(SO(4)) = Z 2 ). Similarly, S 2 x S 3 is a branched double covering of S 5 , by pulling back the S 1 - 
bundle map S 5 — > CP 2 by a branched double covering S 2 x S 2 — ► CP 2 ; cf. IIT1I5I. As we shall 
see below, every simply connected, closed five-manifold M with torsion second integral homology 
group admits a non-zero degree map by S 2 x S 3 , given by the composition of a branched double 
covering S 2 x S 3 — > S 5 with a dominant map S 5 — > M whose degree depends on H 2 (M; Z). 
The latter map will be obtained by applying the Hurewicz theorem modulo a Serre class of groups. 

A Serre class of abelian groups is a non-empty class C of abelian groups such that for every exact 
sequence A — > B — > C, where A, C E C, then B E C. A Serre class C is called a ring of abelian 
groups if it is closed under the tensor and the torsion product operations. Moreover, C is said to be 
acyclic if for every aspherical space X with iti(X) E C, then the homology groups H^X; Z) E C, 
for all % > 0. We say that A, B E C are isomorphic modulo C if there is a homomorphism between 
A and B whose kernel and cokernel belong to C. 

The Hurewicz theorem modulo a Serre class states the following: 

Theorem 7 (Serre [[191 ). Let X be a simply connected space and C be an acyclic ring of abelian 
groups. Then the following are equivalent: 

• TTi(X) E C, for all 1 < % < n, 

• Hi{X) E C, for all 1 < % < n. 

Moreover, each of the above statements implies that the Hurewicz homomorphism h: TCi(X) — > 
Hi(X) is an isomorphism modulo C for all i < n. 

As a consequence of this version of the Hurewicz theorem, every simply connected, closed n- 
dimensional manifold M whose homology groups Hi(M\ Z) are all /c-torsion, for < i < n, is 
minimal with respect to the domination relation. 

Corollary 2 (Ruberman [18]). Let M be a simply connected, closed n-dimensional manifold with 
k-torsion homology groups Hi{M\ Z), for < % < n and some integer k. Then the image of the 
Hurewicz homomorphism n n (M) — > H n (M) is given by k'lLfor some r. In particular, there is a 
map S n — > M of degree k r . 

We have now proved that every five-manifold M which is a connected sum of copies of M k and 
X m , where 1 < k < oo and — 1 < m < oo, admits a branched double covering by the product 
S 2 x S 3 , followed by a map S 5 — > M whose degree is determined by H 2 (M; Z). As we have 
seen above, the non-trivial S 3 -bundle over S 2 admits a branched double covering by the product 
S 2 x S 3 . We now want to combine these maps, together with our constructions from Section [2J to 
obtain domination by products for every simply connected, closed five-manifold. 

We remark that it is not generally possible to obtain a non-zero degree map Mi#M 2 — > 
Ni#N 2 by connected summing any two non-zero degree maps between closed n-dimensional 
manifolds, f : Mj — > iVj, i — 1, 2. A first obstruction is that the preimage f~ x (D^) of a removed 
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n-disk D" from N, h is not generally an n-disk in Mj. Moreover, even if we can find such a disk, we 
need the degrees of fi and f 2 to be equal in order to connected sum the domains and the targets, 
otherwise we cannot paste those maps along the gluing sphere (recall that maps between spheres 
are classified by their degrees). 

If the above two constraints are satisfied, then we can paste those fi together to obtain a new 
map Mi#M 2 — > Ni#N 2 of the same non-zero degree. The 7ri-surjectivity of the fi is a sufficient 
condition to overcome the first obstacle (cf. 112211 ). 

Lemma 1 (Derbez-Sun-Wang 01). Let Mi, iV, be connected, oriented, closed n-dimensional man- 
ifolds, n > 3, and assume that fori = 1, k there exist iri-surjective maps Mi — > Ni of non-zero 
degree d. Then there is a -ni-surjective map j^ k i=x Mi — > #* =1 Ni of degree d. 

For simply connected targets the 7ri-surjectivity condition is automatically satisfied. Moreover, 
S 2 x S 3 and S 5 admit self-maps of any degree, which implies that the domination for every minimal 
summand by S 5 and for every S^-bundle over S 2 by S 2 x S 3 can be done by maps of the same 
degree. We therefore obtain the following statement which also completes the proof of Theorem [2] 
for five-manifolds: 

Theorem 8. Let M be a simply connected, closed five-manifold with k = rank H 3 (M; Z). Then M 
admits a non-zero degree map by the product S 1 x (^kS 1 x S 3 ), which is given by the composition 
of a branched double covering S 1 x (^S 11 x S 3 ) — > #k{S 2 x S 3 ) with a map #fc(5* 2 x S 3 ) — ► M 
whose degree is determined by the torsion of H 2 {M\ Z). 

Proof. By Theorem[5l a simply connected, closed five-manifold M is diffeomorphic to a connected 
sum M fcl #...#M fc; #X m , where the summands M k ., X m are described at the beginning of this 
section. The Poincare duality and the universal coefficient theorem imply that k = rank H 3 (M; Z) 
is equal to the number of the S^-bundles over S 2 in the above decomposition of M. We may 
assume that the torsion of H 2 (M; Z) is not trivial, otherwise we appeal to Proposition Q] to deduce 
that M admits a branched double covering by a product S 1 x {^S 1 x S 3 ). 

Now we resort to Corollary (2[ to the fact that S 2 x S 3 is a branched double covering of S 2 xS 3 
and to Lemma Q] to deduce that M is dominated by a manifold diffeomorphic to #k(S 2 x S 3 ); the 
existence of a branched double covering S 2 x S 3 — > S 2 xS 3 is only needed when a summand 
S 2 xS 3 exists. The degree of #fe(5' 2 x S 3 ) — > M is determined by the torsion of H 2 (M; Z), by 
Corollary |2] Finally, Theorem [3] implies that #k(S 2 x S 3 ) admits a branched double covering by 
S 1 x (ftkS 1 x S 3 ), which completes the proof of Theorem[8l □ 

5. A FURTHER APPLICATION AND FINAL REMARKS 

5.1. In the light of Theorems [Hand [3] we can further verify that the fundamental classes of certain 
simply connected manifolds in dimensions higher than five are representable by products. 

As an example we deal with 2-connected, closed six-manifolds. Wall [26] classified simply 
connected, closed, smooth six-manifolds (see also |[28l ). As usual, the empty connected sum is S 6 . 

Theorem 9 (Wall [|26l ). Let M be a simply connected, closed, smooth six-manifold. Then M is 
diffeomorphic to N#{S 3 x S 3 )# • ■ ■ #(5 3 x S 3 ), where H 3 {N) is finite. 

If now the target is 2-connected then N = S e ; cf. Smale 112111 . In that case the topological and 
the diffeomorphism classification coincide (cf. Wall [26]) and so we obtain: 

Corollary 3. Every 2-connected, closed six-manifold M is dominated by a non-trivial product. 
More precisely, there is a degree two map S 1 x (# fe T 5 ) — > M, where k = \ rank H 3 (M; Z). 
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Proof. By the above results of Wall and Smale, every 2-connected, closed six-manifold M is dif- 
feomorphic to a connected sum #fc(5 3 x S 3 ), for some non-negative integer k — \ rank H 3 (M; Z). 
Now S 3 is minimal with respect to the domination relation; in particular there are degree one 
maps S 2 x S 1 — > S 3 and T 3 — > S 3 . We multiply these maps to obtain a degree one map 
S 2 x S 1 x T 3 — > S 3 x S 3 , which is obviously 7Ti-surjective. By Lemma[T] there is a degree one 
map #(;(S 2 x S 1 x T 3 ) — > #k(S 3 X S 3 ) and by Theorem [3l there is a branched double covering 
S 1 x (# k T 5 ) — > #fc(5' 2 x S 1 x T 3 ). We compose these two maps to complete the proof. □ 

5.2. Every dominant map onto a simply connected four-manifold 

(1) S 1 x (# fc S 2 x S 1 ) — ► M, 

is a priori TTx-surjective because the target has trivial fundamental group. However, the branched 
double covering S 1 x (# k S 2 x S 1 ) — > # k {S 2 x S 2 ) obtained in Theorem [3] (for M = S 2 ) is 
7ri-surjective also by construction. In a previous joint work with Kotschick lil5l we have shown 
that there is a branched double covering 

(2) S 1 x (# fe 5 1 x S 1 ) — ► # fc (S 2 x S 1 ) 

which is again 7Ti-surjective (now the target #k(S 2 x S 1 ) is not simply connected). We multiply 
© with the identity map on S 1 to obtain a 7ri-surjective branched double covering 

(3) S 1 x S 1 x (^S 1 x S 1 ) — »• S 1 x (# fe S 2 x S 1 ). 

Now we compose © with (OQ) to obtain a dominant map T 2 x — ^ M, where denotes 
a surface of genus k. This map is not a branched covering, not even in the case where M is 
diffeomorphic to # fc CP 2 # fc CP 2 , because the branch locus of © intersects the preimage of the 
branch locus of (OQ) in a codimension four subset of S 1 x (# k S 2 x S 1 ). The existence of dominant 
maps from products T 2 x S fc to every simply connected four-manifold has also been shown by 
Kotschick and Loh [fi4l . using a result of Duan and Wang [7]. That result states that if X and Y are 
oriented, closed four-manifolds and Y is simply connected, then a degree d ^ map / : X — > Y 
exists if and only if the intersection form of Y, multiplied by d, is embedded into the intersection 
form of X, where the embedding is given by H*(f) (the "only if" part is obvious). 

5.3. We observe that for our dominant maps onto a simply connected n-dimensional manifold, 
the domain can be taken to be a product of the circle with a connected sum of copies of T n_1 . 
Kotschick and Loh [fi4l asked, and essentially conjectured, whether every closed manifold with 
finite fundamental group is dominated by a product. The above observation proposes the following 
strong form of that conjecture: 

Conjecture 1. For n > 2, every connected, oriented, closed n-dimensional manifold M with finite 
fundamental group is dominated by a product S 1 x (^ fc T n_1 ), for some k > 0. 
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